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We examine a direct filtered back projection approach that is suitable for the reconstruction of
weakly absorbing homogeneous phase objects. Like recent similar approaches this method needs
only one intensity image in each projection without the requirement for an intermediate step of
phase retrieval. We tested the method using simulation and experimental results. Simulation results
show good quantitative reconstruction which includes the correct refractive index value and
distribution of the sample. However, experimental result still indicates the presence of artifacts.
© 2007 American Institute of Physics. �DOI: 10.1063/1.2735583�

I. INTRODUCTION

Conventional methods of absorption tomography have
been widely used to reconstruct the three dimensional �3D�
distribution of the absorption coefficient of a sample. The
reconstruction can be done directly using the measured in-
tensity from a set of radiographic projections. In absorption-
based x-ray tomography, the logarithm of the detected inten-
sity in each projection is related to the distribution of the
imaginary part of the refractive index. The refractive index in
a material, n�x1 ,x2 ,x3�, can be written as n�x1 ,x2 ,x3�=1
−��x1 ,x2 ,x3�+ i��x1 ,x2 ,x3�, where ��x1 ,x2 ,x3� is the refrac-
tive index decrement at a voxel position, �x1 ,x2 ,x3�, and is
responsible for the x-ray phase shift. ��x1 ,x2 ,x3� is the
imaginary part and is responsible for x-ray attenuation. How-
ever, absorption-contrast-based tomography is not well
suited for weakly absorbing objects such as biological soft
tissues, transparent materials, or objects with small density
variations because in such cases the resulting image contrast
is poor.

It is becoming increasingly well known that various
techniques can be used which either produce images with
phase contrast or can be used to retrieve the phase shift pro-
duced by an object. For instance, the phase shift introduced
by the sample will refract the x-ray beam which, in turn,
produces changes in the propagated intensity that can be de-
tected. While both the ��x1 ,x2 ,x3� and ��x1 ,x2 ,x3� compo-
nents of the refractive index decrease with increasing energy,
the rate of decrease for ��x1 ,x2 ,x3� is slower than that for
��x1 ,x2 ,x3�. Consequently as an imaging modality, phase
contrast becomes more relatively important for higher energy
x rays. At certain energies the absorption contribution can be
negligible while significant phase contrast is retained. This
has the added benefit that imaging is possible with signifi-
cantly lower deposited dose using phase contrast at higher
energy compared to imaging at a lower energy where absorp-

tion contrast is high. In quantitative phase contrast tomogra-
phy, phase retrieval algorithms are then necessary as an in-
termediate step to reconstruct the distribution of the
decrement of the refractive index, ��x1 ,x2 ,x3�.1–3

Recently, efforts have been made to develop algorithms
that can integrate this phase retrieval directly with the to-
mographic reconstruction.4–6 The benefit of doing this one
step reconstruction lies in the fact that certain Fourier space
operations used in both the phase retrieval and tomographic
filtered back projection steps can be combined,4 thus leading
to increased calculational efficiency.6 Having to obtain only
one projection data set is preferred in tomographic recon-
struction as this reduces the complexity of data analysis and
limits the radiation dose to the sample and the errors due to
instrument instability. An algorithm has been developed for a
single retrieval and reconstruction step for pure phase
���x1 ,x2 ,x3�=0� objects5 from intensity measured in the near
Fresnel regime.7 That algorithm has been developed further
using a semiempirical approach,8 which allows for the 3D
reconstruction of the phase of weakly absorbing objects from
only one projection data set. Here we use the fact that single
image phase retrieval is possible for homogeneous objects9,10

in order to derive an analytic expression for a single step
reconstruction. We show here that our approach results in an
identical expression to that derived elsewhere using more
general considerations6 and we provide additional simulation
and new experimental support for the expressions derived by
both approaches.

II. RECONSTRUCTION ALGORITHM

This theory is developed based on the phase contrast in
an image formed by free space propagation of the light ex-
iting a sample. It simply allows the wave field to propagate a
sufficient distance away from the sample so that fringes can
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be observed. The refractive index of a homogeneous sample
can be written based on the density distribution as

n�x1,x2,x3� = 1 − ��x1,x2,x3� + i��x1,x2,x3� = 1

− �b�s�x1,x2,x3� + i�b�s�x1,x2,x3� . �1�

Here �b and �b are the decrement to the real part and the
imaginary part, respectively, of the refractive index obtained
assuming a nominal bulk density for the material.
�s�x1 ,x2 ,x3��0 is a scaling factor that corrects for the actual
density in a given voxel so that when the actual density in a
voxel is zero, �s=0, and when the density is equal to bulk
density, �s=1. We use �x1 ,x2 ,x3� as the reference coordinate
system of the object with x3 as the rotation axis. The detector
is placed in a distance z=d from the sample at a rotated
coordinate system �x ,y ,z� with the y axis coinciding with x3.
In this case the coordinate transformation is

�x

z
� = � cos � sin �

− sin � cos �
��x1

x2
� . �2�

For a sufficiently thin object the wave field at the exit surface
of the sample at a rotation angle � can then be described by
the complex function

T��x,y� = e�i���x,y�−�1/2����x,y��, �3�

where ���x ,y� is the phase function and ���x ,y� is the at-
tenuation function. The phase function is given by the equa-
tion

���x,y� = −
2�

	
� � ��x1,x2,y����x − x1 cos �

− x2 sin ��dx1dx2, �4�

where 	 is the x-ray wavelength and �� denotes the Dirac
delta function �and should not be confused with the real part
of the refractive index decrement, ��x1 ,x2 ,x3��. In the case of
a homogeneous object,9 the attenuation function at a rotation
angle � can be written as

���x,y� =
4�

	

�b

�b
� � ��x1,x2,y����x − x1 cos �

− x2 sin ��dx1dx2. �5�

Equations �4� and �5� are line integrals along the projection
x−x1 cos �−x2 sin �=0. They can also be written as a pro-

jection operator �denoted with a symbol ˆ� as

���x,y� = −
2�

	
�̂��x,y� ,

���x,y� =
4�

	

�b

�b
�̂��x,y� . �6�

The transport of intensity �TIE� equation can be used to de-
scribe the propagation of the transmitted wave function.
Strictly the requirement for validity of the TIE is that11

�	
j=2


 � 1

j!
��1

2
	zk · �� j

T��x,y�� � 1, �7�

where k= �� ,
� are the Fourier conjugate coordinates to
�x ,y�. In practice this is typically valid for sufficiently

small12 propagation distances z�a2 /	, where a represents
the smallest feature size in the object. The TIE is

�I�
d�x,y�
�z

= −
	

2�
� · �I�

0�x,y� � ���x,y�� . �8�

Assuming that the attenuation function is weak and an al-
most homogeneous absorption ���� /�x ,��� /�y
0�, it can
be shown that13

I�
d�x,y� = I�

0�x,y��1 −
d	

2�
�2���x,y��

= I0e−���x,y��1 −
d	

2�
�2���x,y�� �9�

where �2= ��2 /�x2+�2 /�y2� and I0 is the incident intensity.
For a low absorption sample we can expand the exponential
term to first order in ���x ,y�. Equation �9� can then be sim-
plified as

I�
d�x,y� = I0�1 − ���x,y� −

d	

2�
�2���x,y�� . �10�

This can be written as

I�
d�x,y�

I0
− 1 = g��x,y� , �11�

where

g��x,y� = − ���x,y� −
d	

2�
�2���x,y� . �12�

Using the projection operator in Eq. �6� for the phase and
attenuation functions, respectively, we can rewrite Eq. �12�
as

g��x,y� = −
4�

	

�b

�b
�̂��x,y� + d�2�̂��x,y� . �13�

In the Fourier domain, the Laplacian has a simple expression

given by F��2�̂��x ,y��=−
2�k
2D��k�, where F is the Fou-
rier transform operator and D��k� is the Fourier transform of

the projection function �̂��x ,y�. The two dimensional Fourier
transformation of both sides of Eq. �13� gives then

G��k� = −
4�

	

�b

�b
D��k� − d
2�k
2D��k� . �14�

Equation �14� can be written as

FIG. 1. �a�. The weakly absorbing object used in the simulation work, as
rendered in 3D space. �b� The projected image in one direction. The line
shows the approximate location of the reconstructed slice used below.
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D���,
� = −
1

�4�/	���b/�b� + 4�2d��2 + 
2�
G���,
� .

�15�

From the Fourier slice theorem we know that14

��x1,x2,x3� = �
0

� ��
−



 �
−





D���,
�

�
�
ei2����x1 cos �+x2 sin ��+
y�d�d
�d� . �16�

we substitute Eq. �15� into Eq. �16� to get

��x1,x2,x3�

= − �
0

� ��
−



 �
−



 
�

4��b/	�b + 4�2d��2 + 
2�

�G�ei2����x1 cos �+x2 sin ��+
y�d�d
�d� . �17�

This expression allows us to reconstruct the 3D distribution
of the real part of the refractive index decrement ��x1 ,x2 ,x3�
from the Fourier transform G� of only one tomographic data
set g��x ,y�.

This integral in Eq. �17� may be expressed as a radon
back projection operation:

��x1,x2,x3� = − �
0

�

Q��x1 cos � + x2 sin �,y�d� , �18�

where

Q� = ��
−



 �
−



 
�

4��b/	�b + 4�2d��2 + 
2�

�G�ei2����x1 cos �+x2 sin ��+
y�d�d
� = F�s� · G�.

�19�

The equation can be expressed as a Fourier transformation of
a two dimensional convolution between the acquired tomog-
raphic data set g��x ,y� and the special developed filter s. The
Fourier transformation of this special filter is

S��,
� = F�s� =

�


4��b/	�b + 4�2d��2 + 
2�
. �20�

In the case of a pure phase object with �b=0, this equation is
identical to the one derived by Bronnikov.4,5 The term
4��b /	�b is also equivalent to the �exp term introduced by

FIG. 2. A view of a single slice reconstruction using �b /�b=0, with the corresponding plot of the decrement real refractive index distribution taken from a
horizontal line of the left figure.

FIG. 3. A view of a single slice reconstruction using �b /�b=1�10−3, with the corresponding plot of the decrement real refractive index distribution taken
from a horizontal line of the left figure.
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Groso et al. in their semiempirical approach.8 A more general
approach which incorporates both the TIE and so-called con-
trast transfer function expressions11,15 for phase retrieval has
been developed by Gureyev et al.6,11 That approach provides
an identical expression in its TIE limit to Eq. �17�. In the
following sections we demonstrate numerical and experi-
mental verifications of this approach.

III. NUMERICAL SIMULATION

In order to validate the theory, we modeled a numerical
simulation of a weakly absorbing object. The objects used
for this simulation were randomly sized balls with a maxi-
mum radius of 240 �m, as shown in Fig. 1. At an x-ray
wavelength of 1 Å this homogeneous object has a refractive
index value described by �b=2�10−6 and �b=2�10−9 �to
simulate a weakly absorbing object�. A Kirchhoff formula-
tion of scalar diffraction theory has been used here to simu-
late the projected intensity data with uniform incident illumi-
nation and a detector placed at a propagation distance of
30 mm from the sample. In this simulation we used a pixel
size of 8 �m, field of view of 4mm2, and rotation angle of
0.3°. We then performed the reconstruction algorithm of Eq.
�17� under the assumption that the object was transparent
��b=0� and also using the correct value for �b. The recon-
struction results in a slice are shown in Figs. 2 and 3, respec-
tively. The position of the slice is indicated in Fig. 1. The
bright part in Fig. 2 shows that the absorption term influ-
ences the reconstruction and under the assumption of object
transparency is not corrected well. Figure 3 shows that the
quantitative plot of the reconstruction result using the correct
value for �b is in excellent agreement with the decrement of
the actual refractive index of the object, i.e., �b=2�10−6.

These results show not only that the quantitative result is
strongly affected by using the correct formula but that the
qualitative result is strongly affected by using the correct �b

value for the sample.

IV. EXPERIMENTAL RESULTS

Our tomography data were acquired at the 2-BM �bend-
ing magnet� beam line at the Advanced Photon Source at
Argonne National Laboratory. A beam size of 4�100 mm2

�vertical�horizontal� is delivered from the bending magnet
source. The small lateral extent of the source �one-sigma
source size of 102 �m horizontally and 35.1 �m vertically�
and the long source sample distance of 50 m results in a
small incident divergence as seen from a point on the
sample. This small beam divergence is excellent for coherent
imaging applications. The rotation for the tomographic ac-
quisition is performed by a precision rotation stage. The
transmitted x rays through the sample illuminate a 300 �m
thick CdWO4 single crystal scintillator. The visible light
emitted by the scintillator is relayed to a charge coupled
device �CCD� detector by a microscope objective. A 10�
objective lens coupled with a 1� tube lens and connecting
tube is used in our experiment. The effective size of the
4.65 �m CCD pixels was calibrated using known shifts in
the object plane and found to be 0.735 �m. The CCD detec-

tor is mounted on a translation stage aligned with the x-ray
beam in order to vary the sample to detector distance.

Two different x-ray energies of 7 and 10 keV with a
bandwidth of dE /E�10−3 produced by the use of a Kohzu
Si �1,1,1� double crystal monochromator16 were used to test
Eq. �17�. The samples were polystyrene microspheres of
20 �m diameter. Each data set contains 720 projections.
Each projection was taken in 0.25° steps, for a half-turn be-
tween 0° and 180°. Several dark current and flat field images
are also acquired along with the projection data. These im-
ages are essential for correction and normalization of the
projection images. The flat field images were taken once ev-
ery 101 projections to minimize the effects of any beam in-
stability. Dark current images were collected at the end of
each data set. The combination of the high brilliance x-ray
source and the fast detector readout systems allows us to
perform a completed tomography data set in tens of minutes.
Preprocessing and reconstruction were performed offline on
a standalone PC. Here we reconstruct only a region of inter-
est in the data sets.

Figure 4 shows the phase contrast intensity at one pro-
jection in a small region of 400�200 pixels after applying
dark current and flat field correction. An energy of 10 keV
was used with a propagation distance of 30 mm from the
sample to the detector. The image shows that the micro-
spheres are stacked together and the edge enhancement is
clearly visible.

From these intensity projection data sets, we then per-
formed the tomographic reconstruction based on Eq. �17�.
Figure 5 shows one slice of 650�650 pixels through the
reconstructed volume. As with the simulation examples we

FIG. 4. Phase contrast intensity in one projection of the 20 �m diameter
polystyrene balls at 10 keV.

FIG. 5. A view of a single slice in a reconstruction of 20 �m polystyrene
balls for 10 keV x rays using Eq. �17� assuming �a� �b /�b=0 and �b�
�b /�b=8.7�10−4.
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performed the reconstruction using the “pure phase” approxi-
mation ��b=0� �shown in Fig. 5�a�� and, secondly, using the
correct value of �b at our energy for polystyrene �shown in
Fig. 5�b��. At 10 keV, polystyrene �C9H12� with the density
of 1.05 g/cm3 has the values17 of �b=2.398�10−6 and �b

=2.087�10−9. The bright area in the reconstruction of Fig.
5�a� shows that the absorption effect is not well corrected.

Figure 6 shows a plot along a horizontal line in Fig. 5�a�
that reveals the quantitative distribution value of the function
��x1 ,x2 ,x3�. The correct value of �b=2.4�10−6 is revealed
in the area around the center of the spheres. We attribute the
negative regions and the rounding of regions towards the
edges of the spheres to the interaction of the filtering effect
in the reconstruction and noise in the data, which leads to a
reduction in the quality of reconstruction of the higher spatial
frequencies defining the edges of the balls.3 Notwithstanding
this effect, the average dimension of the spheres can be mea-
sured, based on the number of pixels, and is in agreement
with the manufacturer’s specified diameter of 20±3.2 �m.

Another data set was acquired at an energy of 7 keV
with the same propagation distance of 30 mm. At this energy,
polystyrene has refractive index components of �b=4.902
�10−6 and �b=8.909�10−9. This value has been used to
reconstruct the ��x1 ,x2 ,x3� function using Eq. �17� and the
reconstruction result in a single slice is shown in Fig. 7�b�.
Figure 7�a� shows the reconstruction result obtained assum-
ing a pure phase object with �b=0.

From these results we conclude that the algorithm per-
forms well for weakly absorbing homogeneous phase objects
such as polystyrene. The quantitative reconstruction shows
good results when the correct values of �b and �b are in-
cluded in the calculation. Importantly, in this regime only
one data set acquired in the near Fresnel region is needed to
perform the reconstruction algorithm. This will have appli-
cation in cases where it is important to limit the radiation
dose to the sample.

The results demonstrated here can be used another way.
Consider a case that arises frequently in practice where the
actual composition of a sample may not be well known. The
value of �b /�b can be iteratively altered until the sharpest
features, according to some objective criterion, are obtained
in the reconstructed slice. At this point we get a best estimate
of the actual size of the features �compare Figs. 2 and 3�. If
the sample has sufficient absorption, then, once the geometry
of the sample is obtained, the value of �b can be calculated,
and consequently �b, so that the complex refractive index
distribution of the sample is obtained.
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